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Intended Learning Outcomes

* Define the magnetic field and show how it arises from a current distribution.

*  Apply ampere’s circuital law to simplify many problems like determine magnetic field of loop
current, solenoid, and toroid.

* Force on a moving point charge and on a filamentary current.
* Force between two filamentary currents.

* Magnetic boundary conditions.

 Self inductance and mutual inductance.

* Magnetic energy density.
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Why study magnetic field

Motivations

Free and easy WPT

Complicated powering system
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Why study magnetic field

There are two different ways to provide electrical energy wirelessly:

. * Energy harvesting (EH).

* Wireless power transmission (WPT).
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Why study magnetic field

Energy Harvesting Wireless Power Transfer

Antennas or
Coupling Devices

v K
Se__
FPower

Source Transmitter Receiver Load

mmWave BS
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Why study magnetic field

Inductive coupling for WPT
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Biot-Savart Law

The source of the steady magnetic field may be:
* Permanent magnet, or

« DC current.

Electric

current

. In this chapter, we are only concerned the magnetic fields produced by dc currents

I Magnetic field
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Biot-Savart Law

: N 3 3 ; 3 Free space
The Biot-Savart Law specifies the magnetic field intensity, H,
arising from a “point source” current element of differential
length dL. (Point 1) Rizg p

dL, (Point 2)
ILdL, x a
TL’Rlz 1V4 dH, = 1 4331}:2231312
E S Ok AT ] Note the similarity to Coulomb’ s Law, in which

a point charge of magnitude dQ, at Point 1 would
Note In particular the inverse-square distance  generate electric field at Point 2 given by:

dependence, and the fact that the cross product dOag >
will yield a field vector that points into the dE, = 5
‘étjl'(EC)jﬂtl:Z

page.
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Biot-Savart Law

At point P, the magnetic field associated with the
differential current element IdL is

P
4 R? 4 R3

/ To determine the total field arising from the closed circuit
path, we sum the contributions from the current elements
that make up the entire loop, or

IdL x a
Magnetic Field Arising From a H = yg - 2)
: ; 4 R
Circulating Current
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Biot-Savart Law

Two- and Three-Dimensional Currents

On a surface that carries uniform surface current density K [A/m], the

current within width b is I = Kb K
Thus the differential current element | dL, where dL is in the direction //%// -
—

of the current, may be expressed in terms of surface current density K
or current density J,

[dL =KdS = Jdv

The magnetic field arising from a current sheet is thus found from the H— f K xard$
two-dimensional form of the Biot-Savart law: g 4nR?

In a similar way, a volume current will be made up of three-dimensional J x ardv
current elements, and so the Biot-Savart law for this case becomes: H = / . 4nR2
VO
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Biot-Savart Law

Example of the Biot-Savart Law

In this example, we evaluate the magnetic field intensity on the y axis (equivalently in the xy plane)
arising from a filament current of infinite length on the z axis.

Using the drawing, we identify:

/ / Free space
Rp=r—r =pa, —z7a,

_ /
and so.. ap — /j/apz < azz
p-+7z7
| dH
/
Idea Id/a)( a _/a
sothatt dH = r _ ldza; x(pa, —za,)
47TR2 47 (102 + Z,2)3/2 12/8/2017 12




We now have: dH =

Biot-Savart Law

Example: continued

~ IdL xap Id7a; x(pa, —7'a,)

ATR2 47.[(/02 + Z/2)3/2

. Integrate this over the entire wire:

-

I

..after carrying out the

> Idz'a, x (pa, — 7'a;)
o dm(p? + 712)32

o0

pdz'ag

~ Ar (P2 47232

cross product

L
=1

z'a,

Free space

pa,
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Biot-Savart Law

Field arising from a Finite Current Segment
In this case, the field is to be found in the xy plane at Point 2. The Biot-Savart integral is taken over

A

he wire | h:
the wire lengt H <2 IdL e apr
47 R? R
= Z
2 Ip dz & 2T a
H Ay
4 47z(,02 + 22)3/2 /] “
j 372 A4 ©) o
Nrrey N
ay |
Using the drawing, S tana > z=ptana -  point 2
P
S0 = IOSECZ ada 12/8/2017 14




Biot-Savart Law

Example: continued

Using the drawing, also B =C0Sa = R=pseca

psec’ a &
e[S :
. (p +1Z )3/2 0 sec 05 27 a
(R P
=—| cosada /|
ok e
.
1 1
=—(sine, —sin,) N | -
2 1
[24) z |
1 Zl T Point 2
o \(02+Z )1/2 n + 7 le @ s s




or

Example: continued
By substitution of (4) in (3)

Biot-Savart Law

g

Z, Z, =

dg

Ao \/,()Z—I-ZZZ_\/,()Z-I—Zl2 (5) IT

H=

Ao

(sina, —sina, Jay

If one or both ends are below point 2, then a, is or both a,
and a, are negative.
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Biot-Savart Law

Example: continued
Special case: for infinite wire 2 -0 < Z <

because z=ptana ..a,=-90, a, =90 .:

. Evaluating the integral in (6):
H= L(sin(go) —sin(—90) )a,

we have: 4”'0
2k — Current is into the page.
= Magnetic field streamlines
477,0 are concentric circles, whose magnitudes
/ decrease as the inverse distance from the z axis
finally: H 271,0 a, (7) e .




Biot-Savart Law

Example 8.1:
Determine H at ~,(0.4, 0.3, 0) in the field of an 8 A filamentary current is directed inward from

Infinity to the origin on the positive x axis, and then outward to infinity along the y axis. This
arrangement is shown in the figure below.

Solution:
We first consider the semi-infinite current on the xaxis -2
-0< X<0 BA

because x=ytanea,
~a, =-90, a, =tan™(0.4/0.3)

The radial distance p is measured from the xaxis, and we
have p, = 0.3.

ey,
MY N
‘. » 1
r;r]_l.'u..‘ P,(0.4,0.3,0)




Biot-Savart Law

5 I : . X
wH=——(sina, —sina, Jay
Ao
Thus, this contribution to H, is

8 2 12 24
H> ., = (sin33.1° 4+ 1ay = (1.8)ay, = —a
T 4 (0.3) P03 YT w2
The unit vector g, must also be referred to the x axis. We saj e
see that it becomes -a, . Therefore, e h\ |
a“"i F,(04,03,0)
12
Hy,)y = ——a; A/m
T

_aZ 12/8/2017
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Biot-Savart Law

For the current on the y axis, we have
2 0.4, ay, = —tan‘1(0.3/0.4) =-36.9°, and xyy = 90

ﬁ..
It follows that
8 o 8
2Ay) = (I +sin36.9°)(—a;) = ——a; A/m
- 'éliTr{.(},zi'} T 8 }\jf‘ ay,
Adding these results, we have az’f/ H\ 2""
ey Py(0.4,0.3,0)
20 | f\ |
H, = HE{_ﬂ -+ Hg.[ﬂ — ——a. = —06.37a; A/m y
_ - R
A
-4

z 12/8/2017
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Home work Biot-Savart Law

D8.1. Given the following values for Py, P,, and I;AL,, calculate AH;:
(a) P(0,0,2), P,(4,2,0), 2mra,puA-m: (b) Py(0,2,0), P,(4,2,3). 2mra, nA-m:
(c) Pi(1,2,3), Po(—-3,—1,2), 2n(—a, + ay + 2a;)pA-m.

Ans. —8.51ay + 17.01ay nA/m; 16ay nA/m; 18.9a, — 33.9ay + 26.4a; nA/m

D8.2. A current filament carrying 15 A in the a, direction lies along the entire
z axis. Find H in rectangular coordinates at: (a) P4(+/20, 0, 4).(b) Pp(2, —4, 4).

Ans. 0.534ay A/m; 0.477ay + 0.239ay A/m




Biot-Savart Law

Another Example: Magnetic Field from a Current Loop

Consider a circular current loop of radius ain the x-y plane, which carries steady current I. We wish

to find the magnetic field strength anywhere on the z axis. Az
. We will use the Biot-Savart Law: 2o

IdL x a a

H = d

47 R? .
R=\/a?+ 2} , P >
Zpa; —aa, IdL = ITadgay
AR =" x

a —|_ ZO 12/8/2017 22




Biot-Savart Law

Example continued
Substituting the previous expressions, the Biot-Savart Law becomes:

H — /% ITadpay x (zpa, —aay)
dr(a? + 28)3/?

carry out the cross products to find:

H — /27r Tadp (z0a, +aa,)
dm(a2 + 23)3/2

but we must include the angle dependence in the radial
unit vector: a, = cos¢a, + sin¢a,

IdL = Iad¢a,

with this substitution, the radial component will integrate to zero, 7
meaning that all radial components will cancel on the z axis.

12/8/2017 23

———ry



Biot-Savart Law

Example continued bz

Now, only the z component remains, and the integral evaluates a,

easily:
R

B I(ma?)a,
- 2m(a? + 22)3/2

IdL = Iadg ay
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Ampere’ s Circuital Law

After solving a number of simple electrostatic problems with Coulomb’s law, we found that the same
problems could be solved much more easily by using Gauss’s law whenever a high degree of
symmetry was present. Again, an analogous procedure exists in magnetic fields.

Ampere’ s Circuital Law states that the line integral of H about any closed path is exactly equal to
the direct current enclosed by that path.

fra v
P

In the figure at right, the integral of H about closed paths a and b
gives the total current I, while the integral over path ¢ gives
only that portion of the current that lies within c g

12/8/2017 25




Ampere’ s Circuital Law

Ampere’s Law Applied to a Long Wire

Symmetry suggests that H will be circular, constant-valued at constant radius, and centered on the
current (z) axis.

Choosing path a, and integrating H around the circle of radius p gives the enclosed current, I:

2 27
%HdL: H¢pd¢:H¢p[ do = Hy2mwp =1 4
0 0

/ 5
so that: Hd)

= % as before, given in Eq. (7).
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Ampere’ s Circuital Law

Important notes

The Biot-Savart law is resemble the coulomb's law. Both show linear relationship between

source and field

IdL, x ag> dQl AR12
dH2 = > dE2 — >
47 R?, 4 egRY,
Biot-Savart Law Coulomb’s Law

Ampere’s Circuital law is resemble the gauss's law.

%H-dL:I ﬁD'dS:Qencl

Ampere’s Circuital Law Gauss’s Law

12/8/2017
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Ampere’ s Circuital Law

Coaxial Transmission Line

N z In the coax line, we have two concentric solid conductors that

e
/( carry equal and opposite currents, 1. .

The line is assumed to be infinitely long, and the circular
symmetry suggests that H will be entirely ¢ - directed, and will

vary only with radius p.

Our objective is to find the magnetic field for all values of p

12/8/2017 28




Ampere’ s Circuital Law

Coaxial Transmission Line
Field Within the Inner Conductor O<p <a

With current uniformly distributed inside the conductors, the H can be assumed circular everywhere.

Inside the inner conductor, and at radius p, we again have:

2T
%H -dL = Hypdp = Hy2mp
0

But now, the current enclosed 1s

ko)
b

L=l ) = > sothat  2mpHy, =1

S

a?

. Iencl _E(ﬂp )_ a or finally: qu — % (p <a)

(8)
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Ampere’ s Circuital Law

Coaxial Transmission Line

. Field Between Conductors

The field between conductors is thus found to be the same as that of

filament conductor on

the z axis that carries current, I. Specifically:

H,

I

:% a<p<b 9)

12/8/2017 30
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Ampere’ s Circuital Law

Coaxial Transmission Line
Field Inside the Outer Conductor

Inside the outer conductor, the enclosed current consists of that within the inner conductor plus that
portion of the outer conductor current existing at radii less than p

. Iencl = +‘Jouter(7z.p2_7zb2)
Dy 02 —b?

= —I—(ﬂcz_ﬂsz(ﬂpz—ﬂbz): - |(C2_b2j

2 b2
Ampere’ s Circuital Law becomes  2mpH, = [ — | (p2 b2)
c2 —

4O)

i

y
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2o ¢ — b?

.and so finally: | H, (b <p <c) (10)




Ampere’ s Circuital Law

Coaxial Transmission Line

Field Outside Both Conductors
Outside the transmission line, where p> ¢, no current is enclosed by the integration path, and so

|y = 1 +(=1)=0

encl

ygﬂ-dL:o

As the current is uniformly distributed, and since we have circular
symmetry, the field would have to be constant over the circular
Integration path, and so it must be true that:

Hy =0 (p>c) (11)
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Ampere’ s Circuital Law

Coaxial Transmission Line

Magnetic Field Strength as a Function of Radius in the Coax Line

Combining the previous results, and assigning dimensions for a coaxial cable in which 6= 343, c=4a.
, we find the magnetic-field-strength variation with radius is as shown in the Figure below.

e
2ma I
H¢ = —
210
I . & 3a
dma \\
\
Ip
H
" 2ma?

0 2a 3a

b 4a = ¢

o )i CZ _ '02
=t 2mp ¢ — b?

12/8/2017 33




Magnetic Field Arising from a Current Sheet

For a uniform plane current in the y direction, we expect an x-directed H field from symmetry.

Applying Ampere’ s circuital law to the path 1-1-2'— 2- 1, we find:
Hy L+ Hyp(—L) = K}'L oo Hy — Hy = Ky

In other words, the magnetic field is discontinuous across the current sheet by the magnitude of the

surface current density.

o H,
r 1 3,
A | 2N
e’
0+ X ® ® ® ® ® K= K‘.a‘. \l
ya Il 1
Y A "
| T K=Ka
2 12 ; yy
—
=1 = H, 2 \
edge view xzf




Magnetic Field Arising from a Current Sheet

If instead, the upper path is elevated to the line between 3 and 3, the same current is enclosed

and we would have

H,3; — Hy, = K, fromwhich we conclude that 3 = Hx
so the field is constant in each region (above and below the current plane)

11;3
P === -
z 37 > 13
A i | ]1;1
Tt =
A
04 ® ® X ® X ® K= K),a_\_,
Y
/
2 2 _
[~ L > H

edge view

Because of the symmetry, then, the magnetic field
Intensity on one side of the current sheet is the negative

of that on the other. we may state that

H =1K, (z>0)

and
H =-1K, (z<0)

12/8/2017
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Magnetic Field Arising from a Current Sheet

The actual field configuration is shown below, in which magnetic field above the current sheet is
equal in magnitude, but in the direction opposite to the field below the sheet.

The field in either region is found by the cross product:

A 2y H:%KxaN

where ay Is the unit vector that is normal to the
H, =—-1K, (z<0) current sheet, and_ thgt pqints Into the region iIn
which the magnetic field is to be evaluated.
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Magnetic Field Arising from Two Current Sheets

Here are two parallel currents, equal and opposite, as you would find in a parallel-plate transmission
line. If the sheets are much wider than their spacing, then the magnetic field will be contained in the
region between plates, and will be nearly zero outside.

= H,(z>d2) } These fields cancel for current sheets of

= H,, (z>d/2) | infinite width. -
B O @* G 6 O 06 Klz-Kyay
aN -
H,,(-d/2<z<d/2
0+ a( ) These fields are equal and add to give
o Haldi2<z<d2)
N
d2T T ® ® ® ® K -Kka H=Kxay (-d2<z<d/2) (12)
2 YRy
where K is either K, or K,
> H,,(z<-d/2)| These fields cancel for current sheets of
= He(z<-d/2) | infinite width. Rrieny 37




Home Work

D 8.3. Express the value of H in rectangular components at P(0, 0.2, 0) in the
field of: (a) a current filament, 2.5 A 1n the a, direction at x = 0.1,y = 0.3
(b) a coax, centered on the z axis, witha = 03,6 =05,c=0.6,1 =25A

in the a. direction in the center conductor; (c) three current sheets, 2.7a, A/m -
aty =0.1,—1.4a, A/maty = 0.15, and —1.3a, A/mat y = 0.25.

Ans. 1.989a, — 1.989ay A/m; —0.884a; A/m; 1.300a; A/m

12/8/2017 38




Magnetic Field of a Solenoid

Current Loop Field pz
Using the Biot-Savart Law, we previously found the magnetic field o
on the z axis from a circular current loop:
H — I(ma?)a,
21 (a2 + z5)3/?
We will now use this result as a building block to, 'R

construct the magnetic field on the axis of a solenoid -
formed by a stack of identical current loops, centered on

the z axis.
X

>

¥
IdL = [adgba¢
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Magnetic Field of a Solenoid

Magnetic Field inside a real Solenoid

We consider the single current loop field as a differential contribution to the
total field from a stack of N closely-spaced loops, each of which carries
current I. The length of the stack (solenoid) is d, so therefore the density of

turns will be N/d.

Now the current in the turns within a differential length, dz, willbe .,/

dl = Efdz We consider this as our differential “loop current”

d
2
so that the previous result for H from a single loop: H = I(ma”)a.
, 2m(a? + 28)3/2
now becomes:  JH = (N/d)Idz(ma”)a, (13)

21 (a2 + 22)3/2
in which z 1s measured from the center of the coil, where we wish to evaluate the field

12/8/2017
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Magnetic Field of a Solenoid

Magnetic Field inside a real Solenoid

The total field on the z axis at z = 0 will be the sum of the field contributions
from all turns in the coil -- or the integral of dH over the length of the solenoid. .

H= [ dH = U2 (N/d)Idz(ma*)a,

_ NiIa* /‘W dz
— 5 z a2 (a2 _|_Z2)3/2

Nla? d ~ Nla,
2d T a2\/a2+ (d/2)2  2/a® + (d/2)2
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Magnetic Field of a Solenoid

Magnetic Field inside a real Solenoid

Approximation for Long Solenoids
We now have the on-axis field at the solenoid midpoint (z = 0):
NI a,
H =
2¢/a? + (d/2)?

Note that for long solenoids, for which d > a , the result simplifies _
to:

(14)

NI
H — 7 a. (d > > (1) (15)

This result is valid at all on-axis positions deep within long coils -- at distances from each end of

several radii.

12/8/2017
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Magnetic Field of a Solenoid

Another Interpretation: Continuous Surface Current

The solenoid of our previous example was assumed to have many tightly-wound turns, with several

existing within a differential length, dz. We could model such a current configuration as a continuous
surface current of density K = K, a, A/m.

: FromEq. (12) *~H=Kxa_ (}ap

o S o

- For a point inside the solenoid &, =—a, a, ag -
\v R

\\' ~H=(K,a,)x(-a,)=K.,a,

\, K=K, 2 | NI NI
\ Since K = Ka¢—7a¢ A/m »H K.,a, = d
e In other words, the on-axis field magnitude near the center of a cylindrical current sheet,
where current circulates around the z axis, and whose length is much greater than its

radius, Is just the surface current density.

-d/2
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Toroid Magnetic Field

A toroid is a doughnut-shaped set of windings around a core material. The cross-section could be
circular (as shown here, with radius a) or any other shape.

Below, a slice of the toroid is shown, with current emerging from the screen around the inner

periphery (in the positive z direction). The windings are modeled as N individual current loops, each
of which carries current I.
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Ampere’ s Law as Applied to a Toroid

Ampere’ s Circuital Law can be applied to a toroid by taking a closed loop integral around the
circular contour C at radius p. Magnetic field H is presumed to be circular, and a function of radius
only at locations within the toroid that are not too close to the individual windings. Under this
condition, we would assume: H=H,a,

This approximation improves as the density of turns gets higher (using more turns with finer wire).

Ampere’ s Law now takes the form:

jﬂ H-dL = 2rpHy = Ieng = NI
C

NI

so that.... Hy = 7
TP

(Po —a < p<po+a)

Performing the same integrals over contours drawn in the outside region
will lead to zero magnetic field there, because no current is enclosed in ,
either case. s




Report

Idea of Magnetic Tape Recording

MICRO COMPUTER MACHINES INC,

SOreEe
MAME THES

Pinch roller
Capstan

Erase head Pinch roller
Record/playback head  Capstan
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